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A Two-Dimensional Fokker—Planck Equation
Degenerating on a Straight Line
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By an example of a two-dimensional hydrodynamic system, second-order
Langevin equations with two correlated noise sources are investigated. It is
shown that the asymptotic expression (f— oo) for the stationary distribution
function P depends on the order in which the limiting transitions ¢ — oo and
N,, =0 (N, is the power of one of the noises) are made. Using the method of
local expansions in trigonometric form, approximate expressions are written for
the distribution function P at small but finite N,, tending at Ny, — 0 to the
known exact solution.

KEY WORDS: Noise in dynamic systems; bifurcations; Fokker—Planck
equations; degenerating parabolic-type equations.

1. INTRODUCTION

Much work investigating the influence of noise perturbations on nonlinear
systems has been devoted to the particular but practically important case
of low noise, which permits the employment of various methods relying on
the presence of a small parameter (the formulation of many problems and
a review of the principal results are given in the classical monograph by
Wentzel and Freidlin”). However, all this works consisders the case of
uniformly low noise, ie., all the diffusion tensor components in the
Fokker-Planck equation are proportional to the small parameter
¢ —D=¢d With a nonuniform tendency to zero of the diffusion tensor
components (as well as in the case of degeneracy, det D — 0), new effects
are possible which are not observed in the uniform case. The following may
be expected On diagonalization of the diffusion tensor the nonuniform
tendency of its components to zero (or degeneration) will mean that some
diagonal elements tend to zero faster than others (or, in the case of
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degeneration, they simply tend to zero while the remaining components do
not tend to zero at all). This leads to the fact that in the phase space in the
limit hyperplanes will arise transverse to which the noises do not act and
the possibility of transition through such a plane will be determined by the
noiseless side of the Langevin equations. But if the latter is such that the
hyperplane arising in the limit becomes an unreachable boundary, the
result of transition to the steady state must depend on the order of the
limiting transitions: at small but finite elements of the nondegenerate
diffusion tensor the system with ¢ — o0 manages to spread throughout the
phase space. In the opposite case, where the diagonal components of the
diffusion tensor tend to zero prior to transition to the steady state, the
system will always remain in the region bounded by the above-mentioned
hyperplanes, which will be unreachable boundaries for this system.

The present paper considers the above questions by the example of a
problem taken from the hydrodynamics of vortex flows in ellipsoidal
containments‘® with regard to fluctuations. The equations for vy, v;, and
v, of dimensionless lower modes of flow rates

Do =02 —vi =15+ R+ fo(1)
0y = 0oy — vy + f1(2) (I

Uy= —DoUy — Uy + f5(¢)

can be derived by applying the Galerkin procedure to the Helmholtz
equation for the vortex motion of an ideal incompressible liquid inside an
unequiaxal ellipsoid. Here R is the analog of the Reynolds number and f;,
fi, and f, are fluctuation é-correlated sources. Obukhov® has substan-
tiated the application of such a single-parameter three-mode model. The
field of application of the above simple model of fluctuation sources has
been discussed by Klyatskin and Glukhovsky.®’

The results presented in the sections that follow relate to a two-dimen-
sional particular case of (I) where the component v, is not excited. In the
new variables, which are more convenient for the calculation, Egs. (I) take
the form

Xi=M—x;—x3+1,, an
Xy=Xy X3+ 1y,
where

M=R-1, xX1=vo—1, Xy =0y, M (1) ={n,(t)>=0
<’7{§1}(f) ’7{?}(['» =N{£} o(t—1)

(D) 1,(1) > = Ny ot —1')
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Such a particular case corresponds to Burger’s model of the appearance of
pulsations in a flow, where x; and x, relate respectively to the main flow
and pulsations. Equations (IT) are classified among the simple nonlinear
quadratic systems in which bifurcations in the absence of noise have
received much study (see, for example, ref. 4).

The present paper has resulted from an attempt to obtain an
approximate stationary distribution function which at N,, (and arbitrary
Ny} goes over into the exact solution obtained by Klyatskin and
Glukhovsky® for the particular case of N,,=0. We give this solution in
our notation, correcting an error in ref. 3 (where the modules sign is
missing):

P =N|x,| """~V exp[ — (x} + +x3)/2N,,] (1IT)

In ref. 5 a stationary distribution function is formed that does not go into
expression (III) at N,, — 0. The question arises: to which situation does the
solution (II) correspond and how one obtained an approximate
expression for P that tends to (III) at ,, — 07 The present paper gives the
answers to these questions. It is shown that the stationary solution (III)
can be obtained from the complete nonstationary solution with the
following order of limiting transitions: lim, _, ., limy,, o P(, x;, X5, Ny,
Ny, Ny,), whereas the solution obtained in ref. 5 conforms to the limiting
transition lim, _, ,, P(¢, x,, x5, Ny, N5, N,), so that the attempt to derive
(1IT) from it conforms to the reverse order of limiting transitions compared
to the former case, lim,, ,,lim, , . P(z, x,, x5, N;, N1, Ny,). These two
limits differ. This difference is due to the degeneration of the Fokker—
Planck equation on the line x, =0 at N,, =0. In this case the phase space of
the system of subdivided into two independent components in the sense
that if at the initial instant of time the system is in one of these halves, then
it will remain there at all subsequent instants. From this it follows, among
other things, that the method used in ref. 5 is totally unsuited for obtaining
an approximate expression for P tending to (III) at N,, — 0, since it does
not permit the boundary conditions to be specified, which, in the given
case, must be chosen such that in the limit, P possesses a line of zeros
x, =0 which is present in expression (III).

Therefore, to answer the second question, we used the local method
proposed in ref. 6, which enables one to specify the required boundary con-
ditions. Approximate expressions for P have been obtained which tend to
(I} at N,,—0 and are classified according to the solution of the
corresponding problem of the first passage to the degeneration line (thus,
they can be regarded as intermediate asymptotics for given times of the
nonstationary distribution function). This situation is, in a sense,
anologous to that which arises when approximate expressions are obtained
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for the passage time of the boundaries with all the noise powers uniformly
tending to zero'”” when the determination of asymptotic expansion
constants requires a knowledge of the stationary distribution function. In
the present case, conversely, the intermediate asymptotics is classified
according to the problem of the first passage time. As will be seen from the
following, the majority of the results do not depend on particular details of
the physical problem in question, a hydrodynamic type system. They are
typical of two-dimensional systems with two or more steady equilibrium
positions. Therefore, we first consider, in more detail as compared with
ref. 6, the method of local expansions in polar coordinates and obtain
general expressions for the coefficients of these epansions. Then the specifics
of the problem will be taken into account.

2. THE METHOD OF LOCAL EXPANSIONS IN POLAR
COORDINATES

Let us write the stationary Fokker—Planck equation

o*P J2°P *P 0 0
Ny—+2N,—— ———— K, P——— K, P=0 1
Hox? el 0x, 5x2+ 2ox2 ax, N 0x, (1)

in the vector form (for convenience of comparison with the results of refs. 6
and 7, N; differs by 1/2 from the form used conventionally)

ORI [ SF e L Wy L

(2)
On carrying out the change x; =r cos ¢, x,=rsin ¢, we have
0 0 | 3]
— Z —sing-— 0
i o 0 B COS(par smqora(p
a 0 o1 0 .0 . 10
— —+cos p——
0x, P ?5 o
Let us seek P in a form that yields the exact solution (III),
P=Ng(¢)r“ exp[—U,(@)r — Us(@)r*— --- = Upy@)r"---1  (3)

Substituting (3) into (2), we obtain the following chain of equalities for
equal powers of r:



() 20 G 5 aotoo)!

0 2 [Gnm 3lawtnee) ¢ ()l
() 2 [(Grmms 72)ostnan) (k)0 (i)
T (N PV BTV PR ]| S

©

N5 {en| (Ktn+ )Ny Ny U, 1 > (Fi’+1>]}=
(1) D{r [((k+n+1)N21 N22>(6(¢Un+1)/ﬁq) + P+ 0
(7)

(4)

Il

0 (5)

H

N, Ny Ny Ny <COS‘P —sin(p)
Ny Ny Ny Np/\sing cosg
_[(Nycoso+Npsing —N“sinqo—i—lecosq))
“A\N,,cos 9+ Nypsing —N,,sin @+ N,, cos ¢

F{‘+l B _(an+l/arn+1)(e—u)0+(n+1)! Un+1
) (n+ 1)1

(k+n+1)Ny N21>< i >
X((k+n+1)ﬁzl N,,)\o/00

Ki N125Uz+1/6€0)>
o Z (n—1i) <K’+N22(5Uz+1/5€9)

g —v Ky
Xommile )0+¢<K£,>

arl a)‘l an

K== (K)o:  5z(e “)o=sze""() (®)

r=0

It is seen that the nth equation of the above chain depends only on U,
with i< n, so that the whole chain can be solved sequentially.
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Let us now perform in (4)-(7) the operation D in explicit form and
equate to zero the expressions preceding r"; we obtain

(2} te=n 0+ | PR -2k 90 )
(52 vy + kv + [ X e gy | o =R
(10)
(P57 s ) )+ (e 16T
+[—%(k+l)z+k(k+2)f](¢U2)=Fz (11)
(P52 ) U+ = 19U,
+[&;&k+n_1)2+(k+n—2)(k+n)f}<¢U,,)=Fn (12)
where
sz“—;& c0s 20 + N, sin 20
and

(o)
In (8)-(12), let us make the substitutions
¢ =T1""u, (13)
and
pU, =4+ u, (14)
where

F=N, sin?p—2N,sin ¢ cos ¢ + N,, cos? ¢ (15)
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Then the equation for ¢ and the nth equation of the chain are reduced to
the form

" f’ ’ szz
u¢+7+u¢+7—2u¢=0 (16)
’ 2 '
u,’,’+7—u;,+————(k+n) APy, =f-k+mi2-1p (17)

7 7’
where

AZ=N11N22= 122=N11N22(1“‘1)2)

p is the correlation coefficient, —1 < p <1, and therefore 42> 0.

It can readily be seen now that all u, and u, are determined from the
linear equations of one and the same form whose left-hand sides differ only
in the number #n It is noteworthy that the homogeneous equation
corresponding to (17) has an exact fundamental system of solutions

u,=sin[(k+n)4F], uzzcos[(kb—t-n)AF]

where

_ d@_l N\ tgo p
Fio)=| 77{“‘“‘%[(@) (1—p2)“2_(1—p2)“2}

Ny 1 o
e [N_n(l—Pz)l/z_(l—Pz)l/z]} (18)

where the integration constant is chosen such that the limiting transitions

1 1

Nip—0 22 Ny —0 i1

as well as some other transitions (sce Appendix A) are realized so that all
the equations of the chain are really solvable by quadratures. Moreover, as
will be seen from the following, they are even solvable by elementary
functions. It should be noted that this result is rather general, since the
form of the equations in the chain and their solvability result only from the
linearity of the Fokker—Planck equation and the two-dimensionality of the
problem being considered. Considering, by induction, expressions (8) for
F,, one can easily see that they represent algebraic combinations
{sin[(k +n) 4F], cos[(k+n) AF]}~_, originating from the corresponding
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U, and [sinne, cosnpl)_, originating from the corresponding K7, for
each fixed N, and making use of the identities

sin @ = fY2(CSu, 4 Cu,) (19)
cos o = f12(Céuy + Csu,)  (k+n=1) (20)
I =UCuy + C3up)* + (Cuy + Cu,) ]! (21)

(the form of the C3, C3, C¢, and C¢, which are functions of only N,,, N,,,
and N,,, and the proof of (9)-(12) are given in Appendix A), we come to
the conclusion that the solutions of all the equations of the chain are
functions of 4F(¢) only. The dependence of AF(¢) is given in Fig. 1. It is
seen that any solution of a two-dimensional Fokker-Planck equation with
boundary conditions specified for different intervals (Iz, {I+1}n),
=0, £1, +2,..., in the limit N¥,, - 0 will be discontinuous. A continuous
limiting solution of the type (III) can only be obtained by specifying the
boundary conditions within open intervals (/r, {I+1}n).

Physically, this corresponds to finding a system with probability 1 in
any one interval being considered, i.e., if at the initial instant of time the
system was in the sector 0 < ¢ <7, then at all r<1¢,, where ¢, is the first
passage time to the line ¢ =0, ¢ =7, the limit limy, o P(z) will be a
continuous function of ¢. Clearly lim, _, ., lim,,, o P(¢) will be the same.

AFy (svy

FR20

Fig. 1. F as a function of ¢. The smooth curve corresponds to N, #0. The broken step
curve is limy,, o F(¢). At the points tan, n=1,2,., limy,, , F(¢)=F(0)+nn.
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3. CHECK OF LIMITING TRANSITIONS FOR P

Let us now proceed to the calculation of an approximate expression
for P at small but finite N,,. We restrict ourselves, in the expansion of U,
to the first two terms U, and U,. In order to formulate the boundary
conditions and uniquely define ¢, U,, and U,, consider their limiting
expressions, which are known from (III) for the limits of

lim ¢ =|sin | (22)
N2 -0

lim U,=0 (23)
Nypp—0

im U,=1/2N,, (24)
Ny —0

From the expression for ¢ and the form 7 of (15) we find that
lim ,, , o #4 = const, which can be assumed equal to unity. Thus,

lim u,=1 (25)
Nypp—0 .

All the limiting expressions (13)-(25) have one feature in common:
they are analytical functions of the angle ¢ for all values with zero
derivatives of all orders. Choose >0 and consider the boundary ¢ =e¢,
@ =71 —¢. At times ¢t < ¢, where ¢, is the first passage time of the boundary,
at N,, <1, P will be close to the limiting expression. Since the boundary

¢ =0, ¢ =r in unreachable at N,, =0, the tending of ¢ to zero corresponds
to the tending of ¢ to infinity. Consequently,

lim lim P=1lim lim P
t—> o Np—-0 e—>0 Np—-0

The specifying of boundary conditions at N,, — 0 at the boundary ¢ =e¢,
¢ =n—¢ for P equal to the corresponding values of the limiting expression
(III) is in agreement with the consideration of the problem at times ¢ <1,.
As indicated above, the limiting expressions (23)—(25) are analytical in ¢
and have zero derivatives of all orders. To uniquely define the solutions of
the equations of the chain (9)-(12), only two conditions are required for
each equation, because they all are second-order equations. The question
arises: derivatives of what order should be zero at the boundary ¢ =g,
¢ =71 — ¢ as boundary conditions? Direct calculations show that the boun-
dary conditions

ufM(e) =uiM(n—e) (26)
UMe)=UMmn—¢e)=0 (n=1,2,.) (27)

822/52/3-4-32
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give the solutions u,y, U,y, which have the same limits at N,, — 0 for any
N. Tt turns out that the order of derivatives in the boundary conditions of
(26), (27) is associated with the expansion accuracy in the vicinity of ¢ =0,
¢ = . It is enough to show this only for ¢ =0.

The Taylor formula for the N-fold differentiated functions is of the
form®

i
U, =U0)+ U (0)g + - + 5 UM(e) 9" (28)

where ¢ is related to ¢ through the relation ¢ = 6, (0 < 8 < 1). The equality
U™M(e)=0 denotes that the remainder in (28) is discarded and the exact
formula (8) is replaced by a ¢-approximate formula.

Expressing ¢ in terms of ¢ and 8, substituting into (28), and discarding
the remainder, we find that for given ¢, and therefore for given ¢, U, will
be specified on the line ¢ =0 by the approximate expression

L /A(01 ) I )

(n—1)

In further calculations we restrict ourselves to expression (29) in the
first order in ¢, i.e., we assume N =2 in the boundary conditions (26), (27).
Note that according to the formulation of boundary problems for
fluctuating systems (see, for example, ref. 9), the boundary conditions at
unreachable boundaries must be calculated rather than specified. The struc-
ture of the function U near the boundary exactly satisfies this requirement
[at e=0 the boundary conditions are lost and only U(0), which is
calculated, remains ].

The solution of the inhomogeneous equation (16) is of the form

u, = cos(k 4F) + Cy sin(k AF) (30)

Here only one constant C, is left to be determined. This is because the
second constant can be included in the normalization factor. Writing the
boundary conditions of (26) for N=2, we obtain the equation for deter-
mining C,:

ug(e) =ug(n—e) (31)

Differentiating (30) twice with respect to ¢, substituting into (31), and
solving for C,, we obtain
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c¢_{7() in[k AF(s)] Jln-e) sin[k AF(n—¢)]

: )
cos[k AF(n—¢)] _ cos[k AF(e)]
Rl e 7ol

{7 ©) sk AF(e )]-] (n_a))cos[kAF(n—s)]
&

T2(e) PR CES

kA [sm[k AF(S)]_sin[k AF(n—-a)]]}—l (32)
Fe) Hm—e)

Using expression (15) for f,
F(e)=N,, sin?e—2N,,sin & cos ¢ + N, cos’ & (33)
F(n—e)=N,, sin? e+ 2N, sin £ cos ¢ + N,, cos’ ¢ (34)

and for !,

FHe)= (N1, — Ny,) sin 26 — 2N, cos 2¢ (35)
Fin—e)= —(N,;; — Ny,) sin 26 — 2N, cos 2¢ (36)

as well as expanding sin(k4F) and cos(k4F) into series in 4 ~ N2, we
obtain
Cy~dk[Fle)—Fln—e¢)]

and taking into account the approximate expressions for F(e), F(n —e¢),
Fle)=(—Njtge+Np) ™, Fin—e)=(Nytge+Npy)™

obtained by expanding arctg x and using expression (18) for F(x) at large
x, and their sum and difference,

2Ny, 2Ny tge
22 R Fln—g)= — L BE
P e G A Vi v T

(37)

Fle)+ F(n—s)=

we see that C, tends to zero at fixed & as N3 Hence lim ,, _ o u, =1, which
coincides with the required limiting value (25).

Now proceed to the solution of Eq. (10) for U, [or, respectively, (17)
for U, ]. Substituting into the expression for F, both K = M and K9 =0 for
the problem at hand, we obtain

= M{(k¢ cos ¢ — ¢’ sin o) (38)
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Replacing cos ¢ and sin ¢ by their expressions in terms of sin(4F) and
cos(4F) according to (19) and (20), we obtain the right-hand side of
Eq. (17) for u,,

Fotk+di2p, =—2Ajg (C,cos[(k—1) AF]+ C,sin[(k—1) 4F]} (39)

Here C, and C, are functions of only N,,, N,,, and N,, and they are of the
order of N2 Their expressions as well as the proof of equality to zero of
the coefficients of cos[(k+ 1) AF] and sin[(k + 1) AF] in (39) are given in
Appendix A. It can easily be seen that a particular solution of the
inhomogeneous equation (17) with the right-hand side of (39) for u, is the
equation

M

u1m=W{Cccos[(k—1)AF]+Cssin[(k—I)AF]} (40)

It is more convenient, however, to use as a particular solution the
expression

M
Uy, =1r (CC sin(k AF) sin(4F)

k—1
k+1

+%Cs {sin[(k—l)AF]— sin[(k+1)AF]}) (41)

which has the order N}?, while u,, in (40) has the order N,,'?, and
therefore tends to infinity with N,, tending to zero. This expression is
derived by subtracting from (40) the solutions of the homogeneous
equation sin[(k+1) 4F] and cos[(k+ 1) A4F] with the corresponding
coefficients. Then the general solution of (17) for n=1 will be of the form

u,=Clcos[(k+1)AF]+ Cysin[(k+1) AF] 4+ u,,, (42)

Using expressions (13) and (14) relating »;, and U,, and ¢ and u,, we
obtain the expression for U,:

U, 271/2“1/7'% (43)

We obtain from the boundary condition of (27) a system of linear algebraic
equations with respect to C} and Cj:

A1(8)C% + B1(5)Cé =D,(e)

(44)
A(n—e)Cl+ By(n—¢)Ci=D,(n—¢)
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where

VA ) (k+1)° ] k+1)AF
e [(Mm gy | Ll D 4F(0)

(k+1 ( 1

Ty *(—-—5>I sin[(k+ 1) 4F(p)] (45)

_[(77e) _ (k+1)2A2] in[(k+ 1) AFi
sio)=| (L72) S it 1) aro

(k+1)A< 1
() \ug(o)

U5,,(0) T ()"
Di(p)= _<——%(T> (47)

)Icos[(k-i—l)AF(q;)] (46)

One can easily evaluate the behavior of 4,, B,, and D, at 4 ~ N —0:
A (@)~ —N2sin @ cos[(k+ 1) AF(¢)] ~ const (48)

Bi(¢)~ —N'2sin @ sin[ (k + 1) 4F(¢)]
~ Ak +1) F(@) sin ¢ N'2 ~ N2 (49)

A,(¢) Bi(e)
det (1‘11(7t —¢) B1(”_3)>

~Nysingsin{(k+1)A[F(e)— F(n—¢)]}

(k+1)N21 singtge
N tg?e— N2,

Di(¢)~ Ny’ (51)

~ N (50)

by virtue of the special choice of the particular solution (41);

Die)  Bi(e)
det (Dl(n—s) Bl(n—e)>~N” (52)

by virtue of the above estimates (49), (51); and

A(e) D (e) s
det (Al(n——s) Dl(n_8)>~Nzé (53)
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by virtue of the estimates (48), (51). Then from (50) and (52) if follows that

_ D,(¢) B,(¢) Ay(e) B(e) 12
Ci‘det(mn—s) Bl(n—s)>/det<Al<n—e) B«n—s))NNZ/Z 4)

and from (50), (53)

1_ A(e) D(e) A (e) B(¢) -
e i 1L i RIS

If we now take into account that sin[(k+ 1) AF] ~(k+ 1) AF~ N2,
then U, ~ N2 and therefore tends to zero at N,, — 0, which just provides
the required limit of (23).

Equation (11) in U, is sollved exacty in the same manner. First
calculate F, by substituting into the corresponding equation (8)
K} = —cos ¢ and K} =0 for the problem at hand. In addition, neglect the
terms ~U, ~ N,,, ie., consider only the dominant asymptotic term plus
corrections ~ N12. Neglect also the terms ~ M2, which corresponds to the
consideration of solutions with maxima close to the origin of coordinates,
since only for these is the solution in the form of (3) with the first two U,
and U, other than zero a good approximation (in principle, this does not
impose any restrictions on the proposed procedure, but makes the
calculations less awkward). So, for this case

F,=¢+ (k¢ cos ¢ — ¢ sin @) cos ¢ (56)

Using expression (38) for F, written as a function of 4F and substituting
into (56) ¢ written according to (13) and (30) and cos ¢ written according
to (20), we obtain the right-hand side of Eq. (17) for u,

L+kCo4 Cy+ kS
2 2

7o+ 22p ~ os(kAF) + in(k 4F)

(k—2)4F] (57)

Here Cy, S,, C~, and S~ are only functions of Ny, Ny,, and N,, which
are given in Appendix A; C, is function in expression (32) for ¢.

As in the case of u,, one can easily find the apparent particular
solution:

cos(k AF) Cok Cy+ Sok/4 .
U = gex D2 160+ D2 O AT gy a7 kAP
= > 58
32A2003[(k 2)AF] + Azsm[(k 2)AF] (58)
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which has the order of N3;! at N,, —» 0 and is therefore unsuitable for the
calculation of the limiting transition. The particular solution

sin[(k + 1) AF] sin(4F)

cos[(k+2)4F] +

Uzp, = 2N121 2(k+1)A2
4Gk Gn[(k+ 1) AF] sin(4F) + S sin(k AF) sin(2 AF
TCESIVE sin sin(4F) 16Azsm ) sin( )
Cs+ Sok/4 | . k.
RSV {sm(k AF)-—k——i-Z sm[(k+2)AF]}
S~ -2
32A2 {sm[(k 2)AF] — sm{(k+2)AF]} (59)

is more convenient. This solution is obtained from (58) by adding, with the
corresponding coefficients, the solution of the homogeneous equation
sin[(k+2) 4F] and cos[(k+ 2} AF]. As can readily be seen, the first two
terms tend to 1/2N? sin® @, whereas all the other terms, as follows from the
corresponding formulas of Appendix A, tend to zero as N7 does. The
complete solution will have the form

u,=Cicos[(k+2) AF]+ C3sin[(k+2) AF] +u,,, (60)

Using expressions (13) and (14) relating u, and U,, and ¢ and uy, we
obtain

U2=]u2/u¢ (61)

From the boundary condition of (28) we obtain a system of linear
algebraic equations with respect to C7 and C3:

A2(e) C} + B,(e) C3 = Dy(e)

Ay(n—e)C2+ By(n—¢)C2=Dy(n—¢) (€2)
2 1 2 2 2
where ’
flo)\" (k+2)°4
Ay(p)= —
2(9) [(%((p)) ﬂ(p)%((p)}c08[(k+2)AF(<p)]
7o) < 1 )' .
—(k+2)4 2 k+2)4 63
(k+2) [f((p)u,,,(q)) (@) ]sm[( +2)4F(¢@)]  (63)
flo)\" (k+2)24°7 .
By(p)= - k+2
(®) I:(u¢(<p)) 7((p)u¢((p):lsul[( +2) 4F(9)]
I (o) '
k+2 s[ (k
+(k+2)4 [}‘((p)u,,((p) (u¢((p)>:|COb[( +2)AF(p)] (64)
Dy(g)= —(-——”2;;7 ) (65)
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It can easily be seen that the estimates for 4,, B,, and
det( Ae)  Byfe)
As(m—e) B,(m—¢)

coincide with the corresponding estimates for (48)-(50).
To show that lim,, ,, C7 =0, it is sufficient to establish that D,(¢)~
N2 For this purpose, in turn, it is sufficient to show that

, u
lim <—2‘"2] > =0
Ny -0 u¢
since u,,, f/u, is analytical in N2 Since all the terms of the particular
solution (59), except for the first two, are ~ N2 we have

(e N (o) [ 1
Jim, (4] = i, (255 {4 2 4RC01

+sin[(k+ 1) 4F(@)] sin[4F(@)1]\"
2(k+1)4° }>

o T{T@)\ fcos[(k+2) 4F()]
= [<u¢(<p)> ( N,

sin[(k+ 1) AF(@)] sin[4F(¢p)]
20k + 1) 42
+ 1 (7(¢)>'<COS[(/€+ 1) 4F(¢)]sin[4F(¢)]
Flo) \us9) 4
N sin[(k+ 1) AF(¢)] cos[AF(q;)])

N2z —0

4

f(o) <COS[(k+ 1) 4F(¢)] cos[4F(¢)]
uy(¢) J(e)
_7'(‘/’) cos[(k+1) AF(@)] sin[4F(¢)]
247%()
_/7/(¢)Sin[(k+ 1) AF(o)] COS[AF(W]\]
2472 ()k + 1) )
= lim 1 [(cos2 ¢ —sin? @) (1 +

N»n—-0 11

cos? @
sin? ¢

2

cos? co
—4— 2(p+3 . 2¢+1}=0
sin? ¢ sin? ¢
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So, D,(¢) ~ N2 Hence, as is the case with (54) and (55), we obtain for C}
and C?

, D,(e) By(e) A(e) By(e) \ _ aip
C‘"“‘“(Dz(n—a) Bz(n—s>>/d°‘<Az<n—s) Bz(n—8)> N

2 A;(e) D(e) A;(¢) By(e) -
Cz“det(Az(n~a> Dz(n—s)>/det (Az(n——e) Bz(n—s)) o)

(66)

If now we take into account that the first two terms of (59) tend to
1/2N?, sin® ¢ and all the other terms in the solution (60) tend to zero, as
indicated above, we obtain, for (61) at N,,—0, the required limit (4),
12N,
It follows from the form of the exact limiting solution (III) that
lim U,=0 (n=3) (67)
Nz =0
Using the method of mathematical induction, we show that U, obtained
from Egs. (12) actually has such a limit. Expression (18) for F(¢) and the
structure F, in expressions (12) enable us to state that all U, are analytical
functions of NI% Consequently, for U, to be of the order of N? it is
necessary and sufficient that the limit (67) be met. Also, if we manage
to show that F,~ N2, then, using a technique similar to that used in
obtaining the partial solution u;,,, in (41) and u,,, in (59), we can form the
partial solutions u,,, ~ N3# and exactly show, as in the case of C} in (54)
and C?in (66), that C7~ N2
So, taking into account that U, ~ Ni2, we obtain for the dominant
asymptotic term of F,

F3~ {<1>Tﬁ¢ <_~Si.n_'—"———'2 ?- UZM)} kol
1 sin ¢ cos @

:M[ﬁ(;];zé) sin ¢ — (k + 2) cos (p(U2¢):| + sin q)%—{-cos X

whence

lim F;=(k+1~M/N,,)cos ¢ sin® ¢ (68)

Ny —0

Obviously, for the limit (68) to be equal to zero at any ¢ it is
necessary that k= M/N, —1; or, comparing with the exact limiting
solution (III), we note that k coincides with the limiting value. We can
make sure, however, that it is impossible to eliminate the terms ~ N3
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in the expression for F; with the aid of k, which depends only on
the parameters of the problem, but not on ¢. So, the obtained value of k&
is the best that can be attained approximating the sought solution by
expression (3).

The next step of reasoning on induction should be made separately for
even and odd ». In (8) let n=2/—1. Then from formula (B.4) of Appen-
dix B and from the assumption that all U, ~ N3Z (1<n<2I—1, n#2) it
follows that the dominant asymptotic term in (8) ~ (1) is of the form

cos o(k+2!) <6z’e‘u> sin ¢ (62’e“’/
N “[ 21! or¥ 0¢ (20! an? ot ),
F# gpcosqp (3% 2V
<F§’>~ B +<2l—2)!< 5 )] (69)

0

Equation (69) also takes into account that for the given problem
K{= —cos ¢, K}=0, and K}, K5 =0 (n>3) and the form of N;. Because
only terms consisting of products of U, can be of O(1), we obtain from
formula (A4) of Appendix B for dominant asymptotic terms

521e—U

( or! )0~C;,71C§,_3~-C§(—2U2)2’ (70)
pY-2
<5727-—23'U>0~C§n_3~-'C§(—2Uz)2’ (71)

Substituting (70) and (71) into (69), we obtain, taking into account that
Cl_ =201,

rk+2/+l N
NlimOFf’=Nlim0{(21—7)—'[ L C;n (=20, + QUM 1]sm ¢ COS @
22 22— -

X [C§1—3"'C§]}

rk+21 1

1\t
:-(—2—’1——)—[C2, 5 C§]< ) sinf¢ cos ¢

T Ny,
N, (2n—1) 2
"[ m—1 ( 2nu) ]
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Let now n =2/ Then the dominant asymptotic term for F,,, ; ~ O(1) has
the form

1 KN 14,
rao~{() 00 () e

Kl 1 821 2 B L
+<K22> (2] )'arzj 2( U)jl k+21} k—2{+1 (72}

Using expressions (70) and (71) and substituting into (72) the expression
K?=M, K?=0, K} = —sin® ¢, and K?=sin ¢ cos ¢ for the given problem,
we obtain

Cl_s5--C} . . df
F21+1~—z—2—’—13——)——( 20,)? [cos¢M¢(—2U2)+cos¢¢+sm<p2—q;]
cl - Ch . M
~2n—m3 73 __2 2n—1 k o
(2n—2)! (—2U,) cos @ sin“g <k+1 N“) (73)
Hence

hm F2[+1=O lf kzM/N““l

Ny —0

i.e., it coincides with the value obtained when considering the case n=2.

So, we have proved that the expression (3) for P in which ¢ and U,
are obtained under boundary conditions (26) and (27) really tends to the
limiting exact solution (III) with all additions to the limiting exact
expressions for ¢ and U, ~ N12. The last result comes from the fact that the
correlation coefficient p is nonzero. With p =0 it can easily be checked,
that all additions have the order of N,,.

4. EVALUATION OF APPROXIMATE SOLUTION ERROR

Let us now evaluate the error which we make by leaving a finite
number of terms U, (n=1,.., N) in expression (3) for P. If we substitute
the difference AP=P— P,,,x between the exact solution P and the
approximation (3) into the initial equation (2), then, due to the linearity of
the Fokker—Planck equation,

LFP 4P = _LFPPapprox (74)

where Lgp is the linear differential operator of Eq. (2). Expanding the
analytical part P,,,,, into a Taylor series at zero with the remainder in the
Lagrange form and substituting into (74), we obtain

1 6N+1
Lyp 4P = mLFP [5 B aPprox(é)rk+N+1:] (75)
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where 0 < & <r. Due to the fact that the first N terms of the expansion in
(75) are equal to zero under the conditions of finding the functions U,
(n=1,.., N), it follows from the above estimates of U, and their structure
that in the interval (e< @ <m—¢) all U, (n=1,.., N) are bounded and they
all have bounded derivatives with respect to ¢. Then, taking into account
that Lyp causes the power of r to decrease by 2, we may write the estimate
uniform in the interval stated

N+ N+ 1)k + N)
(N+1)!

|Lpp 4P| < o(r)Cy (76)

the power of d(r) being not lower than the power of K, and K,. Taking

into account the analyticity of P, in N3} and the tendency
Papprox Ny 0 P, we may write

kon_1 K+ N+1)k+N)

1/2

a(r)C, (77)

It is seen from (76) and (77) that the local error [r < R, where R is the
radius of the convergence circle of the series 3. U,r,; the convergence itself
follows from Kovalevskaya’s theorem, the conditions of which are satisfied
by Eq. (1) with boundary conditions (26), (27)] decreases at both N,, -0
and N — o0, i€, with increasing number of calculated U,. Setting the first
derivative with respect to r from expression (3) with two calculated U, and
U, equal to zero, we obtain the equation for the maximum curve:

_ U [Uf(q)) k ]‘/Z .
"= " 00) T L1600 T 205(9) (78)

If we refer to the estimate of (77), we may say that the distribution function
maximum is well approximated at small M, N,,, and k [see (43) for U,],
ie., in the cases where the maximum lies in the vicinity of the expansion
point r =0, which agrees with the locality of the expansions used in the
present paper.

5. CONCLUSION

The results obtained in the present paper may be of interest for
systems with more than one position of equilibrium. In this case, at noises
smaller in the direction between these two states and at times shorter than
the first time of leaving the region of most probable stay, the distribution
function will have the form similar to that obtained by specifying the bun-
dary conditions of the type (26), (27). And if we take into account that the
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time of observing the system is always finite, the obtained intermediate
asymptotic distribution function describes the situation more realistically
than the true stationary distribution function does.

APPENDIX A

In this Appendix, relations (19)-(21) are derived and the coefficients
C, and C, entering into expression (39} and C,, S,, C~, and S~ entering
into expression (57) are calculated as well as their equality to zero at
sin[(k+ 1) AF] and [(k+ 1) 4F] in expression (39).

Relations (19)-(21) result from observing the fact that Eq. (12) at
k=1, n=1, and a zero right-hand side is the equation of harmonic
vibrations

0"+ f0=0 (A.1)

where U =¢U, (k =0). By replacing (14) at k =0, ¢U = f'"u, it is reduced
to an equation of the type of (17),

' A2
Z(—u’+—-—u=0 (A2)

oo

which has fundamental solutions 4~ sin(4F), cos(4F). By replacing (14),
the solution of (A.1) may be expressed as a linear combinations of these
solutions, namely, sin ¢ and cos ¢. For sin ¢ we have

U=sin ¢ =y, u=sin @/f
U'=cos ¢ =fu2f"? + "0
u' =cos ¢ — f'sin ¢/2f
= (N, cos ¢ — Ny, sin @)/f

Any solution of (A.2) is expressed as a linear combination of its fundamen-
tal solutions

U+

(A3)

u=CjA" sin AF+ C; cos AF
) (A4)
u' = (C{ cos AF — ACj sin AF)/f
Equations (A.3) and (A.4) must hold at any ¢ = a. Then
Ci47 sin[AF(x)] + C3 cos[ AF(«)] = sin a/f2(a)
Cicos[AF(x)] — C3 Asin[4F(x)] = (N, cos o — N, sin o)/f3 () (A.5)

A 'sin[4F(x)]  cos[4F(x)]

cos[4F(x)] — 4 sin[AF(a)] =1
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from which we obtain

Ci{={Asinasin[4F(x)]+ (N, cos &« — Ny, sin a) cos[AF(x)]}/F1(a)

Cs={4sinoacos[4F(a)] (A.6)
— (N, cos o — Ny, sin o) sin[ AF(a) ] }/47 (o)

For further transformations of € and C; we write the explicit form
AF(a) accoding to formula (18):

AF(ot) = p(a) — o (A7)
where
_ Ni\'? tga o
oo =anes| (32) ] 4w
B ]v11 1/2+e¢ 1 P
womeree|(32) ] 49

¢ is chosen later on the basis of the conditions of realizing the necessary
limiting transitions.

Substituting (A.7)-(A.9) into (A.6) and taking into account the
formulas

sin(arctg 4) = A(1 + 4%) 7', cos(arctg A} = (1 + 4%

we obtain
Ci= (N3 = NEN ) IV 2= 20N M) 2 4 N 200
C3= N} [N{F2 = 2p(Ny Npp) 224 N3 21712

As expected, the relations (A.10) are independent of a.

Now check that
lim U=sing
N2p—0

That is, relations (A.3) also hold in the limiting case. Then

lim U=Nsin o(—CiN;;'ctg @ + C35)=sin @

Np—-0

Absolutely analogous calculations for U =cos ¢ yield cos ¢ = 7*u, where
u=C{ 47" sin(4F)+ C§ cos(4F)
CINIE(NY?*op — NI+ 2)INI 2 = 2p(Nyy Npp) 2o 4 Njr2e] =172
C5=N5 [Ny~ 2»0(]\711]\722)1/2+e + NiF2] 12
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Requiring that the transition lim,, U = cos ¢ be realized, we obtain

lim U= N2sin o(—C{N ! ctg o + C5)

N2n -0

whence it is seen that the second term in the parentheses must be equal to
zero, which is possible only in the case where ¢ is any number strictly
greater than zero. For convenience, we henceforth take ¢ = 1/2. Let us show
how (39) is obtained from (38) and calculate C, and C, entering into (39).

Substituting the expression for ¢, according to (30), into (38), we
obtain

Fy=M(k¢ cos ¢ — ¢ sin ¢)
= Mkf*?=1{[N,, cos ¢ — (N5 + 4C,) sin @] cos(k 4F)
+ [C4Nycos ¢ —(C4N,— 4) sin @] sin(k 4F)} (A1)
Substituting into (A.10) sin ¢ and co ¢ expressed as sin(4F) and cos(4F)
according to formulas (19) and (20) and rewriting, using identities of

elementary trigonometry, the products of trigonometric functions in terms
of functions of the sum and difference, we obtain

F =2""Mkf*~ V2[R, cos[(k+1) AF] + R, sin[(k+ 1) 4F]
+C.cos[(k—1)AF] + C;sin[(k—1) 4F] (A.12)
where
R, = (C5Np— C5N;, — C5)+ C(N ;4 7' C — Ny 4 7' C5 — 4Cy)
= {(N3Z? = NN, — N3 + NiZN 1 p)
+ C¢A‘1[N12N5/22(N22 ~Nup) = Np N (Nyp —Nyy) ‘AzNi/Iz]}
X (N7, —2pNy Nop + N3,) 712 =0
R,=(C{47'N,, — C547 "N, + ACS) + CHCSNp—C5N,—C) =0
C.= (N22C§_N12C;,+ Ci)‘*‘ C¢A*1(N22Cf—N12C§ —AzCi)
N%ZEsz —Nuyp— C¢N11(1 _p2)1/2]
(N7, = 2pNy Ny + N3,) Y2
=2N5/22[N22 —~Nyp+CyN, (1 —p*)?]
(N3, —2pN;; Ny, + N3,)'?

=2

&

Similarly, (57) is obtained from (56). In this case the coefficients C,, S,
C~, and S~ have the form

C~=C,C5+C,Ci47;, S~ =C,C5—C.C547!
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APPENDIX B

In this Appendix the general expression for d” exp[o(x)]/dx" is
derived which is used in calculating the limits and estimating errors in Sec-
tion 3. This formula is also useful in calculating the series convergence
radius in nonlinear approximations of the type of formula (3), because it
has an explicit dependence on n. Hereafter the designation d"y/dx" = y" is
used.

Using the Leibnitz rule,’® we can write

n—1

(ecp(X))(n)z(ewq,(l))(nfl)z Z Cﬁ?l(e“’)("_k*”(p(k*” (B.l)
k=0
Let us do this once again:
n—k—2 )
(eq;)(nfkfl)z(etp(p(l))(n—kfz): z C:_kfz(ezp)(n—kfk—Z)(p(k + 1)
k=0

(B.2)

Substituting (B.2) into (B.1), we obtain

n—1 n—k-2
(e(p)(n)z Z Z Ck Cﬁ’-kiz(eq))n—k/—kfz(p(k+1)(p(k’+1) (BS)

n—1
k=0 k'=0

It is seen that in (B.3) the derivative indices are always <n— 2. Proceeding
in this way until a derivative of zero index is obtained and making the
necessary rearrangement of the terms, we obtain the final formula:

n—2
(e"’)(")=e“’ |:(p(")+ Z Cl;AI(P(nfk—l)(p(k-é—l)
k=0

n—2 n—k-3

k k' —k—k'—2 k'+1 k+1
+ Z Z Cn-lcn—k72(p(n )QD( * )QD( b

k=0 k'=0
n—2 n—k—3 n—k—k'—4
k k' k" —k—k'—k"—3)
+ Z Z Z Cn—lcn—kuCn—k—k'—3qD(n
k=0 k'=0 k"=0
k'+1 k+1 k" +1
Xq}( )QD( )Q)( )

n—2 n-3 n—n

+"'+Z Z Z CS1C,?2"‘C?((P(1))n:l

k=0 kK'=0 kin) =0
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